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I. INTRODUCTION

A. Statement of the Problem

Since first developed. by Kogelnik and Shank (1) the
distributed feedback laser (DFB) has received wide-spread
attention as a device suitable for use in integrated optical
circuits (2~16). The distributed feedback structure employed
in the thin-film DFB device is capable of providing compact,
low loss optical cavities for thin-film lasers which allows
longitudinal mode control and frequency selection. Es-
sentially these are periodic waveguide structures super-
imposed on the gain medium. The feedback mechanism is back-
ward Bragg scattering.

One of the characteristic properties of periodic
structures is the distributed reflections or feedback that
occur in well-specified frequency bands near the Bragg
frequencies. These Bragg frequencies are defined by A =
2A/v, where X is the corresponding wavelength of the propa-
gating wave, A is the spatial period of the structure, and
N is a positive integer that corresponds to the Bragg order.
The precise location of oscillation wavelengths of a thin-
film DBF is also determined by the Bragg wavelength, which
in turn is determined by the period A, and film thickness.

The distributed feedback laser, indeed any electro-

optical device depending on Bragg scattering for its operation,



requires a periodic structure. The production of a DBF de-
vice requires fabrication of a periodic structure with a
fundamental period on the order of an optical wavelength.

Such a finely structured grating challenges current fabrica-
tion techniques (17-22), and may well contain flaws which must
result in less than perfect periodicity and distortion. In
evaluating the potential operation of DFB lasers, in-

accuracy in controlling the periodicity must be taken into
account.

It appears that the effect of distortion in periodicity
of the structure of the active medium in a DFB laser has not
-been studied and reported in the literature. Therefore, it
is the objective of this study to investigate the effect of a
random aperiodicity or deviation from perfect periodicity on
the threshold gain and frequency of a distributed feedback
laser. 1In other words, we shall examine the effect of the
flaws in the fabrication of the periodic structure on the
threshold gain required to achieve lasing in the structure
and on the frequency at which lasing occurs.

Like many techniques, the development of fabrication
techniques for electro-optical periodic structures
evolutionary. Techniques first used for fabrication of
planar silicon integrated circuits (17) have blended with

classical and holographic optical techniques to produce useful



structures (18-22). The construction of a periodic structure
is fundamentally a two-step procedure (22). First the desired
pattern is produced on a mask. The mask is superimposed over
the base material or substrate leaving appropriate portions
shielded or exposed. Second, the exposed material is
altered either in physical profile by etching or in electrical
properties by diffusion or deposition of a dissimilar material,
Both these processes have inherent inaccuracies which
result in deviations from the desired ideal structure, The
magnitude and nature of these deviations depends on the
particular process. Several variations exist. First, the
mask is usually a radiation sensitive polymer which is ex-
posed to radiation of the desired pattern. The radiation
pattern may be generated directly or by yet another mask.

Each intermediate mask may introduce distortion from scale
changes and optical imperfections
usually optical but may be x-ray or electron beam. Direct
pattern generation may be by externally driven control of an
electron beam. Resolution and distortion are defined by the
precision with which the beam may be focused, by precision

in the direction and location controls and by diffraction

and backscatter of the beam. Alternatively, a pattern may be
generated by superposition of two or more coherent sources.

Distortion arises from source incoherence and departure from

an optically flat substrate or from plane wave incidence.



Once the mask has been formed, the exposed material.must
be altered. The most common process is chemical etching.
Unfortunately, etching may undercut the mask if deep grooves
are etched. Ion beam etching provides reasonably clear
definition but requires a thick mask to prevent faceting or
undercutting. Diffusion of impurities into the exposed
substrate gives indefinite boundaries and fails to induce
significant optical variation. Typical total distortion for
a structure produced under laboratory conditions is 10--4«,10-5
for a holographically prepared mask and ion beam etching
(22).

To obtain a good understanding of the principle of
operation of the DFB laser, we must have a proper under-
standing of phenomenon of wave propagation in the periodic
structure, The operation of the distributed feedback DFB
laser in the thin-film semiconductor configuration has been
interpreted and explained in terms of two complementary
models: (a) coupled-mode formalism (2, 23-25) and (b)
Floquet-Bloch modes approach (3, 26, 27).

An example of a perindic waveguide for a thin-film laser

. . .
igs shown in Figure 1 The wave

structure as shown in Figure 1 can be characterized by

2 2 2 2
ke + ky2 = ko%ng, | (1.1)



where kx and kz are the transverse and the longitudinal wave

numbers, and kO denotes the free space wave number. n_ is the

f
film index of refraction. Any change in kx will result in a
corresponding change in kz thereby generating a reflected
wave. In a DFB laser the spatial variation of @ and W (in
Figure 1) is made periodic so that the reflected wave
generated by a spatially varying kz can maintain the proper
phase relation for constructive feedback. Wave propagation
in the waveguide involves both the coordinates x and z and
hence is a two-dimensional problem. This two dimensional
problem has been analyzed by Wang (28), Wang and Shen (29)
and DeWames and Hall (30).

Under the assumption of small perturbations one-
dimensional analysis is applicable (3). In other words the
problem can be described by the solution of a one-dimensional
wave equation which must be satisfied by the electric field

——— =t

intensity of the optical wave in the active medium:

2
42 -y = o, (1.2)
dz

where y= g—ikz(z) is the complex propagation. Here g and
kz(z) denote the gain constant and the phase constant
respectivity.

In the coupled mode approach one chooses to expand

the field in the periodic waveguide in terms of the modes of
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Figure 1. Examples of periodic waveguide for thin-film lasers
(a) Structure utilizing periodic variation in thickness of top
dielectric layer
(b) Structure utilizing periodic in thickness of film



the unperturbed uniform wave-guide which constitute an

orthonormal set (23). When one substitutes the assumed solu-
tion into the Maxwell's equation and limits the expansion to

the two modes which are Bragg-coupled (|B8] = Kz, see Figure

2 for detail), the result is the coupled-mode equation (24),

dB . \

3z ==ikA exp(-i2(B-Kp + 1go)z] (1.3a)
db = B expli2(B-Kp + ig.)z] 1.3b
i B 9o’ 21 (1.3b)

whose solutions are given in reference (2) for the case
of a DFB laser. Here B and gy,s are the phase constant

and the gain constant, respectively, and KB:=g
wave number and "a" denotes the spatial period. «k is the

is the Bragg

coupling coefficient determined by the modulation of the

structure. A and B represent the amplitudes of forward

Kogelnik and Shank (2) describe the field as coupled
forward and backward waves, which are described by the fol-

lowing coupled differential equations:

4R

- 4+ {g=i8)R = 3ixSs (l=4_a)
dz Ve

dS 4 (g-is)s = ikR, (1.4b)
dz

where R(z) and S(z) are the forward and backward wave

components of electric field intensity, and 6 denotes the
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Figure 2. The basic perlodic waveguide models and the form of assumed

wave solution. (a) coupled mode formalism (b) truncated
Floquet-Bloch-formalism P =T + iKB, I' =G - 1Kk,



amount of detuning from the Bragg condition.

In dealing with the coupled wave phenomenon usually one
considers two waves or modes (R and S) of a guiding structure
which propagate freely and uncoupled as long as the structure
is not perturbed. A perturbation of the original structure,
e.g., an induced change of the refractive index of the film
guidé, will lead to a coupling of two waves and an exchange
of energy between them.

“An important requirement for a significant interaction
is the synchronism or "phase~-matching” between the two
coupled waves, which in the simplest case is the requirement
for the equality Br = Bg of the phase constants By and Bg
of the two waves. The scattering of light by a periodic
structure can be viewed as a coupled wave process.

The imposition of the boundary condition S(%) = R(—%).=
results in a longitudinal mode spectrum for each transverse
wave guide mode similar to that existing in Fabry-Perot
resonator of the same length (see Figure 2a).

On the other hand, in the truncated Floquet-Bloch
formalism of Cordero and Wang (3, 26, 27), the solution is in
the form of four waves (two fundamental components and two
associated space harmoniés) as shown in Figure 2b,

According to Floquet's theorem, Equation (1.2) has a

solution of the form:
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E(z) = A¢, (z) exp (T z) + B¢2(z) exp(—Toz) (1.5)

where ¢(z) = ¢(z+a) is a periodic function of period a.
Since ¢(z) repeats itself from period to period; the long
range behavior of E(z) is governed by exp(+l'yz) in so far
as the amplitude of the wave is concerned.

To find the form of ¢(z) and the value of Tyr the de-
pendence of y(z) on z must be specified. Although kz(z) in
Equation (1,2) can be any periodic function of z, the rec?
tangular variation shown in Figure 3 is typical. Wang (3)
uses this rectangular variation to study representative be-
havior of the propagation constant Po near the Bragg frequency,
wo.' The propagation constant Po = Go—iKo in the periodic
medium is complex with Go representing the effectiﬁe gain
constant and K0 representing the effective phase constant.
The‘Bragg frequency, Wo is the frequency at which the
avefage phase propagation constant B equals the Bragg wave
number m/a. The distributed feedback coefficient} K, is
the average reflection per unit length. For the structure
- shown in Figure 3, B = (sl+82)/2, a = a,+a, and « =

1 72

(82-61)/n. It should be noted that near Q the effective

nronacation congtant ' in +he ©»
& "r‘“-’—" ot N e Bl s h b - O whe A wdd r/
considerably from Yo the propagation constant in a cor-

responding uniform waveguide. The thin-film device under

discussiOn can be characterized by the relationship of the
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k_(2)
Z
kz(z) Bys "< 2 ¢ 0
82,0< Z< 2
a-= (a.I + a2)
' |
l z=0 |
} } T 7
z = -3, z =

Figure 3. The periodic variation of kz(z) in the periodic waveguide.
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reflected and transmitted wave Uy and U; to the incident
wave (see Figure 4).

Using the field expression E = U exp[+iBz] for the wave
in the uniform waveguide and E = Ugf(2) exp[ifoz] for the two
Bloch waves in the periodic waveguide and applying the
continuity of tangential electric field intensity E and
magnetic field intensity g at the two boundaries, Wang (3)
obtained the threshold condition of thin~film Bragg laser.

It should be pointed out that the comparison of the
method of the coupled-mode formalism with the method of
Floquet-Bloch wave formalism shows that near the Bragg
regime, the two methods yield the same dispersion relation-
ship. Yariv and Gover (31) recently have shown that the
truncated Floquet-Bloch approach is formally equivalent to
that of the coupled-modes, The difference in the form of
solution assumed in the two approaches is shown in Figure
(2a) and Figure (2b). The main attraction of the coupled-
wave analysis is the simplicity. However, many details that
are missing in the coupled-mode analysis could prove im=~
portant in realizing the full potential of DFB laser. Conse-~
quently, we shall use the truncated Floquet-Bloch appraoch
in the present study of the effect on the threshold condition
of the aperiodicity in the perturbed periodic structure. The
method of analysis, used by Wang (3), for studying the

perfectly periodic structure is to be extended to include the
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oundary conditions.
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effect of distortion in the periodicity. The perturbed thres-
hold condition is derived in Section II, and the effect of the
perturbation on the threshold condition is investigated ih.

Section III.

B. Review of Semiconductor Laser

 As is well-known, a quantum ensemble of two of¥more energy
states may interact with an incident electro-magnetic wave of
theiproper energy or frequency (32-36). For simplicity, con-
sider only two energy levels separated by hw. Two events may
occur., First, an incident photon may, if sufficiently ener-
getic, be absorbed and excite a member of the ensemble from
the lower energy staée to the higher. Second, the incident |

(
I

phoﬁon may stimulate the transition of a member of the ensemble

.from the upper state to the lower state. This transition emits

a new photon of energy Rw which is in phase with the initially

ton by unstimulated transition from higher to lower states
occurs at a rate independent of stimulated emissions,

The probability of either stimulated transition may be cal-
culated using time dependent perturbation techniques (33). In
general we find that the probability of an ensemble member in
a lower state absorbing a photon is the same as the probability
of an ensemble member in the upper state emitting a photon.
This probability reaches its maximum when the incident photon

has energy at or near Nw. Finally, the probability of either
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transition occurring is proportional to the incident field in-
tensity.
These observations define fhe requirement for ;asing.
First, predominance of stimulated emission over absorption
" requires a surplus population of ensemble members in the
higher energy state. In a realizable system stimulated
emission must also dominate all loss mechanisms., Second,
predominance of stimulated emission over spontaneous emission
requires a threshold incident field. Finally, the field must
have a frequency at or near the quantum transitican frequency.
While the preceding discussion applies directly to
ensembles of discrete quantum oscillators, the quantum charac-
teristics of semiconductors differ in several respects, The
periodic nature of the crystal modifies the Schrodinger solu-
tion for free electrons so the electrons form an interactive
ensemble rather than isolated oscillators. The periodicity
creates ranges or bands of allowed energies separated by
bands of disallowed or forbidden energies. Transitions of
electrons between states separated by a band gap form the
basis for lasing (35-40).
particular equilibrium energy state, is given by Fermi-Dirac

distribution,

£ () = 1 + expl(e-F) /kyT] (1.6)

where
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F is the Fermi level,

kB is Boltzman's constant, and

T is the temperature in degrees Kelvin.

To calculate the requirement for stimulated emission
dominating absorption, let

f, be the probability an electron occupies a state
in the upper band, and

£, be the probability an electron occupies a state
in the lower band.

Stimulated emission across the band gap E,-Ey requires
an occupied state at E, and an unoccupied state at Ey.
Similarly, absorption requires an occupied state at Ey
and an empty state at E,. Since the transition rates for
absorption and emission are equal, the dominance of either
process depends entirely on the relative probability of the

preceding conditions. Hence, emission will dominate absorp-

tion if

fc(l—fv) > £,(1-£.) (1.7a)
or

fo > £y - (1.7b)

Suppose the electrons in each band are in thermal
equilibrium. Then, if electrons are injected into the
upper band or removed from the lower band, the probability
of an electron occupying a state E, in the upper band

or El in the lower band is
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c 1 + exp[(Ey-F) /kgT] (1.8a)

Hh
1
[y
|

v - 1 + eXP[(El-FV)/kBT] (1-8b)

where F,, is the quasi-Fermi level in the valence band, and
Fc is the quasi-Fermi level in the conduction band,

Consequently, the requirement for net emission is

FC-FV > E2"El (1.9a)

or

Fo-Fy > fw . (1.9b)

This requires that the semiconductor be degenerate
and, if a p-n junction is used to provide the population
inversion, the forward bias must be greater than hw,

The population inversion may be created in several
ways, some more efficient than others. In conventional
lasers, either an intense incoherent optical source or an
arc discharge creates a surplus population in the upper
state (33). Arc discharge excitation seems inappropriate
for a semiconductor, althoﬁéh avalanche breakdown excitation
received some early attention (41). Optical excitation may
be used, but reguires a monochromatic source, i.e., another
laser, External efficiency is not high, Furthermore, since
the absorption rate is quite high, only a small volume of

material is excited (33),

Fortunately, the well~-studied p-n junction under forward
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bias injects a surplus of conduction electrons and/or re-
moves valence electrons, thus creating an effective population
surplﬁs. The forward biased junction has a relatively low
impedance, allowing high current flow and hence a strongly
inverted population at low voltages.

Since first suggested in 1963 (39), p-n junction lasers
have been fabricated in many configurations and materials.
However, for semiconductors with band gaps corresponding to
optical frequencies, the Einstein coefficient relating the
ratio of spontaneous to stimulated emission is rather high.
Very high radiation densities and large population in-
versions are thus needed to achieve lasing. Most applications
where coherence is not an absolute requirement therefore
use the simple p-n junction as a source of relatively mono-
chromic but incoherent light (37).

Thus conventional p-n semiconductor-junctions have failed
to meet early expectations of widespread usefulness. For
example, in the homojunctions the excessively high threshold
currents at room temperature and the requirement for a cryo-
genic environment for continuous operation severely limit
this device's application as a coherent source.

However, as first proposed in 1963 (42), performance
of an injection laser may be improved by surrounding the
active junction region with a material of higher energy band

gap. Two principal advantages accrue. First, the wider band
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gap material with its lower index of refraction, defines a
dielectric optical waveguide and confines the electric field
to approximately the region of the junction. Second, the
wider gap itself provides a potential barrier and retards the
diffusion of minority injected carriers away from the active
junction area., The net result is both a higher field in-
tensity and an enhanced concentration of minority carriers,
both of which favor a higher rate of stimulated emission.
Panish (43, 44) gives two excellent reviews of heterostructure
laser properties.,

Injection devices consisting of two or more materials
with distinct band gaps are called heterostructures., While
in principle, heterostructures may consist of two simple
semiconductors such as silicon and germanium, both materials
have indirect band gaps and are hence unsuited for injection
lasers. The more usual combination consists of modified
III-V compounds, typically gallium arsenide. Stochiometric
substitution of an element with similar valence for a frac-
tion of either the III or V component alters the band gap
of the compound semiconductor. For example, Casey and
Panish (45) show that the band gap of Gal_xAleé increases
with x. Similarly, Alferov (46) reporté that the band gap

of GaAl,_.8b_ increases with x. In both compounds, the
1-x""x
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index of refraction decreases as the band gap widens.

Mixing dissimilar III or V valent atoms with the lattice
cften aiters the lattice parameters. For example, due to the
different effective radii of Sb and AS, the lattice parameters
of GaAsl_bex vary significantly with x (44). As a conse-
quence, the junction boundary of a GaAl,_,Sb-GaAl hetero-
junction suffers severe crystal discontinuities. These
discontinuities create many nonradiative recombination centers
which trap minority carriers otherwise available for stimu-
lated emission. The reduction in effective population in-
version usually precludes lasing at reasonable injection
currents, On the other hand, the lattice parameters of
Gaj_yAlyAs vary only slightly with x. The crystal discontinu-
ities at the boundary of a Ga; _,Aly As-GaAs junction remain

limited. The number of nonradiative recombination centers

reasonable population inversion. Consequentially, the
Gaj.y Al ,As-GaAs heterojunction provides the base for most
heterostructure lasers.

Unlike gas or crystalline ruby lasers, semiconductor lasers
require‘optical waveguiding along the resonance path, This
confinement of the field pattern increases the field
intensity in the active region. The more intense field

enhances stimulated emission and gain coupling of the field
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and media (47, 48),

Dielectric waveguiding typically occurs in a three layer
structure, If the central layer's index of refraction ex-
ceeds the indices of the other two layers, the propagation
velocity of the central layer is lowest. Hence, a wave-
front of constant phase propagating parallel the slab boun-
daries must be concave in the direction of propagation, thus
focusing or confining the field,

Of course; many modes may propagate in such a structure,
According to Panish et al. (49) and Ikegami (50) transverse
electric modes usually dominate since these modes have a larger
reflectivity at the cavity mirrors.

Knowledge of exact propagation and field confinement for
the dielectric slab waveguide requires solution of the wave

equation for the particular structure, Standard techniques

eigenvalues and functions apply. Detailed solution methods
and results are given by numerous authors including Born
and Wolf (51), Harrington (52), and Marcuse (53),

In the heterostructure lasers, the dissimilar indices
of refraction arise from two causes, First, the outer
Al,Ga;_,As layer has a lower intrinsic index of refraction
with an increased band gap., Interestingly, Moss (54) states
an empirical role for the correlation of semiconductor band
4

Es = 77,

gap as i Eg
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Pankove (38) notes an effect which enhances waveguiding
when a wider gap semiconductor surrounds the active region.
By modifying the Kramers-Kroneg relation for frequency de- .

pendent indices of refraction, the following expression

evolves,
© a(E)
_ . _c¢ch 0 (E 3ge! (1.10)
n(E) l = 5;7 P Io lE‘)z_Ez
where

E = hv is the photon energy

P = Cauchy principal value

o = absorption coefficient

n = index of refraction

The absorption coefficient remains small for energies
less than the band gap. Hence, photons generated by band

tn hand rarmamhinat
-’ S s & - N A e b S

-

the lower range of the higher gap material's index of re-
fraction.

Current flow and hence minority injection in hetero-
structures closely resembles the mechanism found in a Schottky
barrier (38, 55). The forward current density increases
exponentially with applied voltage so that the junction im-
pedance remains well below ohmic contributions from bulk

material and contact resistivity. Thus, like the conven-
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tional diode, the heterojunction allows injection of a large
concentration of minority carriers into the active recombina-
tion region with a low applied vocltage. Additionally, the
band structure of a Ppn or Nnp junction effectively con-
fines the injected minority carriers to a relatively narrow
region (49, 56, 57).

The combination of dielectric waveguiding and minority
carrier confinement increases the efficiency of the hetero-
structure, so that both continuous and room temperature
lasing are now commonplace (43, 44, 58-60), Consequently,
the heterostructure has virtually replaced the homostructure
for semiconductor lasers,

As noted earlier, population inversion is of itself
insufficient to achieve lasing. While an adequate inversion

provides for dominance of emission over absorption and other

taneous emission., Again the frequency dependence of the
Einstein coefficient shows that lasing at optical frequencies
requires an intense radiation density. This radiation density
is usually provided by containing the active medium within a
structure having a resonance frequency at the quantum transi-
tion frequency of the medium. Although the choice of

resonant structures is virtually unlimited, the most widely
used structure remains the Fabry-Perot cavity consisting of

two parallel, or in some variations slightly concave (33)



24

reflectors. The Fabry-Perot cavity resonates at frequencies
where an integral number of wavelengths separate the re-
flectors. Since at optical frequencies, a sizeable number of
frequencies meet this criterion, the quantum transition
frequency defines the operating resonance.

In semiconductor lasers, the transition frequency is
broader than in ruby or gas lasers and minor variations in
structure geometry and material properties lead to significant

variations of operating frequencies among lasers, even those

fabricated from the same chip (35). Such variations may be un-

desirable for communications applications. Alternatively, a
periodic structure may provide the resonance requirements and
define a less ambiguous frequency of operation. Additionally,
a periodic structure does not need cleaved reflecting planes
at the ends of the structure and is therefore more easily in-
corporated into a larger integrated circuit. Thus the dis-

tributed feedback laser has been developed.
C. Effect of Aperiodic Media

The analysis of waves propagating through a randomly
disturbed medium, occupies a sizable volume of literature
(61-63), Ishimaru (63) provides a comprehensive review and
extensive bibliography.

Both the disciplines of RF communication and radio
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astronomy include well-motivated studies of propagation in
random media (64, 65). In fact an important communication
technique, tropospheric scatter, relies entirely on the
presence of atmospheric inhomogeneity for its operation
(66) , Random inhomogeneities are usually less benign,
generally increasing noise and fading in radio links. Radio
astronomers find that atmospheric and interstellar medium
perturbations muddy the already darkened window to the
universe,

Most modern methods for treating random inhomogeneities
have several common features: First, a characterization of
the mediumwitha uniform,small, zero mean perturbation,
Second, a description of the perturbations by their spectral
density or autocorrelation function. Third, an attempt to
identify the expected deviations from the unperturbed phase
and amplitude some distance from the source, Coherent phase
contributions such as would be found in a periodic medium
appear as singularities and are avoided with due trepidation,

The preceding claim overstates the difficulties of
treating coherent phase contributions. Several techniques
evolving from x-ray crystallography use scattering patterns
to elicit information about the spatial distribution of
scattering centers or inhomogeneities within a medium. How-
ever, these techniques generally apply to far-field

distributions for weak scattering of a uniform plane wave



26

(67, 68). An interesting treatment of scattering from a
perturbed periodic structure ascribed to Debye is shown
below (69).

Consider an ensemble of M scattering centers of scat-
tering intensity fj at locations fi. The total scattered
amplitude at exterior locatien fi is given by

M

A (x') = jilfj exp(Zniftfj) (1.11)

Suppose each of these scattering centers is displaced
from its equilibrium position by an amount Arj. Then the
total scattering amplitude now becomes:

M

L f. exp[2mi®'. (F+AE.)]
j=1 J J

A(¥F')

exp(znif'.Afj)fj exp(Znif'.fj) (1.12)

[ J e <

j=1

Suppose the Arj's are independently random. Then we
may exchange expectation and summation to obtain:
M

e{a(¥")} = .Z

e{exp(Znif'.Afj}f- exp(2nif'.fj) (1.13)
i=1 )

If the Arj‘s have equivalent statistics, then
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e{A(r")} = e{exp(zﬂif'.Af)}Ao(f')

n”

e{l+(2mit'.0F) - (212" AF) 2. 1A ()

(1.14)
Which, for zero mean Ar gives

e{A(F")} =1 - 2ﬂ2€{(f'-Af)2} (1.15)

We might therefore believe that similar perturbations
of the periodic structure of a distributed feedback laser
would decrease the effective coherent scattering and increase

the threshold gain required for lasing.
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II. DERIVATION OF PERTURBED THRESHOLD CONDITION

In this section we derive an equation relating the thres-
hold gain and resonance frequency for lasing of a distributed
feedback laser whose periodic structure is corrupted by a
small zero mean random perturbation., The analysis contains
three subsections,

First, we solve the one-dimensional wave equation for a
perfectly periodic medium. After briefly considering the
Floquet form and properties of propagation in periodic media
and alternative methods of solution, we choose a model in
which the electric field and the propagation constant in the
periodic medium are both expandable as Fourier series, Since
the frequency of operation lies very close to the Bragg
frequency, only lowest order terms have a significant inter-
action and truncation of the complete Fourier series gives
an approximate solution for the Floquet periodic functions
and Floquet exponentials.

Next we modify the Floquet form for a medium slightly
perturbed by the addition of a zero mean random variable
whosge spatial frequency spectrum is primarily well-below
that of the unperturbed medium, The modified Floquet form
retains the same periodic functions, but the Floquet expo-
nential exhibits a shift due to the perturbing term.

Finally, the modified Floquet form enables calcula-
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tion of effective reflection coefficients at the structure
boundaries and calculation of the net phase and gain propaga-
tion through the structure, These properties then provide a
derivation of the threshold conditions for lasing in the

perturbed structure.

A, Approximate Solutions for the Unperturbed
Periodic Structure
We shall develop a dispersion relation and a solution

for the electric field in a periodic dielectric waveguide'as
found in a heterojunction or double heterojunction semi-
conductor laser, Assuming first that the frequency of opera-
tion is above the cut~off for the waveguide, and that the
periodic perturbations are small, then the propagation may be
reasonably modelled by the one-dimensional wave equation (2,
k! 70}

~7r ]

d——-——ZE—_

2p _
Y.E =0 (2.1)
d22 °©

where the complex propagation constant yo(z) is given by

[
FAy
~
[
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N
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-
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7
N
|
1
+
K
N

(2.2b)
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kl(z)'has zero mean and is periodic with spatial
frequency 2Kg

9% is the gain per unit length, and

E is the complex amplitude of electric field with
angular frequency w.

Our assumptions here are that

kl/E << 1 (2,3a)

9o << Kp . : (2.3b)

In other words, the periodic disturbance is relatively
small and the gain per wavelength is very small.
As is well-known the general solution of Equation (2.1)

is given by the Floquet form (3, 70)
E(2z) = Ad(2) exp[Foz] + By (z) exp[-Toz], (2.4)

where ¢(2z) and y(z) have the periodicity 2Ky of the
structure and the propagation constant in the pverfectly
periodic structure T'y = (G,-iK,) is generally complex. The
subscript o is used to emphasize that a perfectly
periodic medium is being considered. Once the functional
form of kl(z) is specified, then one of several methods
(3, 70, 71) may be used to solve for Ty, ¢ and v¢.

We choose to use the Fourier expansion technigue similar
to that used by Wang (3) to obtain approximate solutions for
Tor ¥(z) and ¢(z). Since device operation is at or near

the Bragg frequency, only the lowest order modes will
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contribute significantly.

First examining Yo' We find
2 . 2
Yo = [gg = i(ktkg)] (2.5)
can be approximated by

2

o2 = 92 - i2goK - K2 - 2Kk, (2.6)

by neglecting the terms of order gokl and klz. Since
ky(2) is periodic we may expand it into the following

complex Fourier series:

(oo}

ki(z) = I bq exp (12qKpz) (2.6)

q:-—oo

where the coefficients bq are complex in general,

Equation (2,1) then becomes
2 [2o]
d’E _ (gc-iE)zE = [-2k T b, exp(i2qKyz)]E. (2.7)
dzz gq=-® 2
Since the general solution of Equation (2.1) or (2.7) is
given by the Floquet form (2.4), and ¢(z), ¥v(z) are

periodic, E(z) may also be expanded into the following

form:
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0o

_ f .
E(z) = qi—muq exp(Poz+12qKBz)

=]

+ 3 uqbexp(éroz+i2qKBz). (2.8)

g==e

a2 .
Calculating 3 we find

dz
2g _ 3 2. f
d = . . '
325 E_w(F°+12qKB) ug exp (I';2+i2qKg2)
- : b .
+ I (-I‘o+12qKB)2uq exp(-roz+12qKBz)- (2.9)
q:-oo

Substituting Equations (2.8) and (2.9) into Equation
(2.7) yields

o f
qE_m{(ro+i2qKB)2 - (qo-if)z}uq exp(roz+i2qKBz)

]

+3 {(-I‘o+i2qKB)2—(qo-iE)2}uqb exp(-Poz+i2qKBz)

= e=00

00 o]
= =2k{ & bp exp(inKBz)}[ z uqf exp(Foz+i2qKBz)
p= -00 q:—' -=00
P
+ I u_ = exp(-T_.z+i2gK.z)] . (2.10)

By collecting the coefficients of terms with similar expo-

nents from Equation (2.10) and recalling that bo=0’ we
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obtain a sequence of equations defining the coupl

between the various orders of E(z).

First, from the terms with exp(iroz) we have

ing

© £
2 ) £ = £ £
[T, “-(g,~ik) “Ju_~ = =2k[byu, +bju,"+ I b_u ]
o} (o} o 171 1-1 g=2 Fq +q
(2.11a)
[r 2-(g -iK)%1u P = -2K[b_u,P+b,u 5 b u b,
- - - T - =+q —
(o} o o 171 1-q g=-2 Tq *q
(2.11Db)
From the terms with exp(roziiZKBz), we have
. 2 = £ _ o £
[(P_+i2Kp) —(go—lk)z]ul = -2K[bju_
+ 3 {buf +b. u ) (2.12a)
=2 q 1-q l-g d
q_
[(To-i2Kg) 2= (g,-iK) 21u, £ = -2K(byu t
+ I (buf +b. uf}] (2.12b)
— 5 9714g T1+g 9
g==2
For the terms with exp(—PozxiZKBz) we have
[(-T -i2Kp) 2= (g, -ik) 1y, P = -2K(byu P
- b b
+ q__Z_—z{bqul+q+bl+quq I3 (2.13a)
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2
[(-Tg+i2Ky - (g -iK) ?1u;P = -2K[bju P

+ % {(buP +b, uPh —  (2.13b)

In principle, this sequence could be extended indefinite-
ly and the resulting system of equations solved for a disper-
sion equation relating r, to (go—iko). However, since opera-
tion of a distributed feedback system is at or near the
Bragg condition, we note that only first order harmonics
should have significant amplitude and interaction. Hence, we
truncate the series in Equations (2.11), (2.12) and (2.13)
for |g| > 2. Furthermore, for a symmetric structure a proper

choice of the origin gives b

= -b.=b*, where the asterisk de-

1 1

notes the complex conjugation., These restrictions of

symmetry and choice of origin greatly simplify the following

analysis although they are not essential physical restric-

tions. Elachi (71) and Peng (72) give a completely

general method of developing the dispersion relation.

Okuda and Kubo (73) gives results for asymmetrical structures,
Equations (2.11), (2.12) and (2.13) may now become

- respectively

2_ iy 2 T +_ o=
[Fo (go ik) “Jug 2kbl[s s }gf (2.14a)

[T 2= (g,-iK) 21u, = 2Kb, [s*-s7]u, (2.14b)



and

u;t = su
u_lf = s"uf
b _ _.+
u_y” = -sTuy
ulb = —s'ub
£f _
uo = U.f
b _
U, = up
st =
s” =
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= -2Kb, [(T_+i2K,)? - (go-ikK) 2171

2Kb, [(g-12Kp) 2 = (g_-iF)2]7

(2.15a)
(2.15b)
(2.16a)

(2.16b)

(2.17a)

(2.17b)

(2.18a)

(2.18Db)

Recalling once more that the device operates near the

Bragg condition, we now define

§ = K_-K
e 5 O

(2.19a)

—~
N
s
€O
cr

-

Recalling T'y = Go—iKO and using Equations (2.19), Equation

(2.18

It is easily shown that under the assumption:

a) becomes

st

= -2 (Kg=8)by { [Gy-i (Ky=6¢) +i2K; ]2

- g ~i(Rg-6)12)71,

I(Go+go) + i(5e+6)| << 2K

(2.20)

(2.21)
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Equation (2,20) is reduced to the following:

+ _ Ty -1

s’ = K[Go+go+1(6e+6)] , (2.22)
where k = ibls (2.23)

It should be noted that bl is complex. For example,

in the case ko(z) is given by Figure (3) by is purely"
imaginary so that « is real quantity.

Similarly Equation (2,18b) for s” becomes

s™ = 2(Kg-8)by {[6y=1(Kg-8,)~12Kp)? - [go-i(Ky-8)12}7L.
(2.24)

Again,with the assumption (2,21) as made in Equation (2.22),

S- = iK/(BKB)' (2-25)

which is certainly negligible compared to st,

Similar approximations may be used to justify neglect
of the higher order modes of E(z). 1In fact we may show that

(3)

-1
|u+q| < IK[2Q(l-q)KB] luy, for |q| > 2. (2.26)

Using the results from Equation (2.22) and neglecting s~

Equation (2.14) now becomes

2 . = . -
I m(gomik) 2 = 2Rby K [Go¥g +i(8e+8)17L . (2.27)
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As before, using Equations (2.19), Equation (2.27) becomes

; - 2 _iw —aV12 o o : -1
[Go-1 (Kp=8¢)1°-[g,~1 (Kp=8)1° = 2kb,k[G_+g +i(8+8)1
(2.28)
Using the condition (2.21), Equation (2.28) becomes
[go G+ (8+65) 1 [gy-G +i (6=6¢) 1 = -k2 (2.29)
or
(9o 2-Go2+8,%-62 + i2(g 8-8,G5)] = -k2, (2.30)
' Since ~k? is real, then equating real and imaginary
parts of (2.29) gives
2.8 2 - 2, 2_z2
Go Se ke+g, 8 (2.31)
G 8o = goé, (2.32)

Summarizing our results we have a solution for the electric

field given by

E(z) = ugo(z) exp(l,z) + u v (z) exp(-T 2), (2.33)
where

Iy = Gomik (2.34)

¢(z) =1+ s exp(iZKBz) (2.35a)

Y(z) =1 -5 exp(—iZKBz) (2.35b)

S = kG *g *+i(5+6)171 (2.36)

K = lbl (2.23)
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and

Gy =802 = k24g 2-52 (2.31)
GoSe = 9,0 - (2.32)

The quantities § = (KB—E) and Ge = (Kz-K,) represent
respectively the amount of detuning of k and K, away from
the Bragg wave number KB. Here kX is the phase constant
of wave in a uniform nonperiodic medium, while Ko represents
the phase constant in perfectly periodic medium. The
quantity « is the distributed feedback coefficient (coupling
coefficient) defined as the average reflection per unit
length. Go and 9o are the effective gain constant of wave
in a perfectly periodic medium and the gain constant of
wave in the corresponding uniform nonperiodic medium

respectively. Gy Sar 9% and § are related by Equation

{2.31) and Eguation {2.32). It is of interest to note that
when b; = 9, i.e., the periodic variation of k_(z) is
absent, k(z) = k and « = 0. Equation (2.31) and Equation

(2.32) suggest that Go = 9 and Ge'= § which is to be

expected.
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B. Propagation in a Perturbed Medium

Once we have the solution for E(z) for a perfectly
periodic medium, we may use this as a basis for a perturba-
tion approximation which will account for small deviations
from an ideal structure. These deviations are modelled by
the addition of a zero mean random variable to the un-
perturbed propagation constant y,.

Consider now the eguation

a2g
g“z""Yz E = 0 (2.37)
Z
where
Y = Yoy, (2.38a)
with
Y, = 0. | (2.38b)

Recall from the previous section that

Eo(z) = Ad(z) exp(roz) + By (z) exp(—Foz) (2.39)

is the general solution of

2
d4“E 2
—5 " Yo E5 =0 (2.40)
d22 °

with PO, ¢, and Y given by Equations (2.34),(2.35a) and
(2.35b) respectively.
Assuming that the fundamental periodic nature remains

essentially unaffected, we seek a solution of Equation



(2,37) of the form

E(z)

For convenience, define

d(2z)

In[¢(2)]

¥(2z) In[y(2)] .

Then Equations

EO(Z)
and

E(z)

= 2¢(z) explrT(z)] + By(z) expl-I~(z)] .

(2.39) and (2.41)

= A exp[@(z)+Poz] + B exp[W(z)—Poz]

= B expld(2)+I'*(2)] + B expl¥(z)-T™(2)].

40

(2.41)

i

(2.42aﬁ

(2.42b)

become, respectively:

Calculating the derivatives of Equations (2.43) gives

42
a%E ?

dd, 2 dd 2
= 2 = Al—— + + 21 =— +T exp (04T _z)
dz2 [dzz ( ) @z o ] P80

2y 2
3ty (@4° o ( )+r 2Jexp(y-r 2) (2.44a)
dz? dz

a2k a? as 2 dr
£ o= A[-— (o+7T) + ( + 2( )(
dz dz

22

+ (———) ] exp(¢+r ) + B[———(W T ) + ( )“

ar-, ,4v
2(35—)(52)

dz

(dz -—) ] exp(W ). (2.44Db)

(2.43a)

(2.43b);
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Substituting Equations (2.43b) and (2.44b) into Equation

(2.37) we obtain:
ca’ + +
Ard_ (o+T™) + (é?)z + 2(92_)(§9)
dz2 dz

+ ( ) -y ] exp(¢+F )

2
. B[S w-rty + (2 & &,

+ ( ) -y 2) exp(¥-T") = 0. (2.45)
Considering the exponentials as orthogonal functions

the coefficients of the two terms in Equation (2.45) must be

independently equal to zero,

2
51__2_(q>+r+) + ( ) + 2( )(d¢) + (dl"+)2 2 - 0.(2.46a)
dz

2 - -
d - dv, 2 dar -y (a¥ dr y2_,2
- (¥-T + (&) - 2(2=—) (=) + (&—) "~
S+ (@) A0 @+ (g%

0 (2.46b)

Similarly, Equations (2.43a), (2.44a), and (2,40) yield

ae , (d0y2 , op 42 4 2., 2 _ g 2.47
a2+ (P o T2 *To o (2.47a)
dz

2 =5

%y , (d¥y2 _ ,p d¥ L1 2., ¢ - 2.47b
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Subtracting (2.47) from (2.46) we obtain

2.+ +
a‘rt ., asd arty z 2, _
3 5 2 dz(dz T ) + ( To Ay = 0 (2,.48)
z
p
a’r- _ . dy,dr- 2 _ .2 _
52 2 dz(dz —T ) + ( ) T -Ay = 0., (2.48Db)
z N
(2.49)

2
where v = (Y°=Y5?)
Since for reasonable perturbations, we expect r*t(z) to be

z and gr to be fairly close to Tyr we might

fairly close to FO
<4
also expect d g to be nearly zero. Therefo;e, to effect an
+
dT in Equation

dz
approximate solution for P+(z), we neglect
dz

(2.48). Then

as, ar’ ar-_ - =
(——)(d T, )+( +r )( e Tg) - Ay = 0.

+

When solved for %E_; as Ay approaches zero,
z
dd :
and (—TQ-2EE). Certainly the

Equation (2,.50) approach Ty

choice for the solution should be such that it approaches

to Po as Ay-»0.
+
-——, can be

Equation (2.50), being a guadratic in 3

solved analytically as

dT+ deo + [(d¢+'T ) + AY]l/Z ' (2.51)

dz = @z -

which can be approximated by
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de AY -1
iz + g+ Ty + ( +T)7°1, (2.52)
provided that

as
oy << (G + T |2 (2.53a)

The upper sign in Equation (2.52) gives a solution

consistent with the previous discussion:

art _ A d@ -1

G =T+ o). (2.53b)
Similarly,

dr-  peby @y | -1 (2.54)

g “To 3 lg* ) -

The assumption inherent in deriving Equations (2.53)

and (2.54) is

+
2. -
a’r
dz
< << 1, (2.55)
dz o]
To verify the legitimacy of Equaticn (2.55) consider the

following key terms. First:

art a -1
Sy = I, + _l(__ + 1) ] (2.56)
dz
2
— Q__é_ é_ r 1’1..él.d @ QE P 172 1o 57)
T dz'2'‘'dz + ‘o’ 2 z * ot ¢ VTR
Recall
d¢ _d_ =1 4
a.z_ iz 1n [0 5 az (2.58)

Extracting from Equation (2.35), we have
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z l'KB

and

44

s exp(iZKBz)ll + s exp(iZKBz)]-1 ’

2 .
d2® -4KBs exp(12KBz)

2.2 .
4KBs exp(12KBz)

+

dzz l+s exp(iZKBz)

If |s| << 1,then

dao
az B
and

a%e

dz

Q% » i2K_ s exp(iZKBz),

2 .
~— = 4KBs exp(lzKBz).

[1+s exp(i2KBz)]2

Using results from Equations (2.61), (2.19)

do
[a; + To]

which can be approximated by

a0

=% 4 1
L3m ' Pr\‘
“ua s

Turning now to

@artye
dz

r

~

~

o)

« . - 4 _6
12KBZ exp(12KBz) + Go 1(KB e)'

~iK_ .
*n

pd

2 _ ae

which can be reduced to the

Equation :(2.53) and (2.64)

Atz
dz o

2

= Aye

+ 1‘0]'1 + (43-21)2[%3 +1‘O]_2

’

following; with the aid of

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)
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Finally by combining Equation (2.57) and (2.66), Equation

(2.55) becomes

2+
ar a
2 =—(4y)
fz x 2; dzA A+ 28 << 1. (2.67)
arhya_; 2 B| °Y
dz o)

Certainly the 25 term is negligible.
To pinpoint the first term of the right side of

Equation (2.67):examine first:

d a 2
1 13z Ay _ 1 aE(ZYOerYr ) 2.68)
2K Ay 2K 2 .
B Bl (2y4Y,+y,. )
Since
2
2Y Yy 2> Yoo
l L dAY o~ l rl_ dYO + !'._- dYr ' L dYr] 19 oy
2Kg Oy dz 2KBLYO Az Y, Gz N Y, 4z Va0l

For Y, a8 earlier specified, the first and third terms will
1L WYy

be negligible. The term ==—|=— —=| will be significantly
ZKB Yy dz

less than unity if the spatial gpectral bandwidth of Yy is
well below 2KB. Alternatively, Mr must vary slowly when
compared to a wavelength.

Equations (2.53) and (2.54) may then be integrated to

give P+(z) and T (z) as required.
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C. Threshold Condition for Perturbed
Media

Using the resulﬁs from the two previous sections we now
derive an expression relating the threshold gain and reso-
nance frequency for a distributed feedback laser with a
structure not perfectly periodic.

Consider the pure distributed feedback case with no
end reflections other than those induced by the periodic
- nature of the medium. Suppose we have a periodic structure
extending from z = -L/2 to z = +L/2 with the origin chosen
so as to satisfy the symmetry requirements of Section A, as
shown in Figure 5. The propagation within the periodic

region is given by

Epf = ug exp[@(z)+r+(z)] (2.70a)
b _ e
Ep = uy expl¥(z)-T (2)], (2.70b)
where
ar* Ay do,-1
- Po + 2[F0 t 3 (2.71a)
ar” _ o, by L dy-l
T ro + Z[Po dz] . (2.71b)

The propagation outside the periodic region is given by

Ef’b(z) = Ef,b exp(+ iBz) . (2.72)



47

FPor the structure as shown in Figure 5, interior reflection
coefficients can be defined at z = + L/2.

Assuming the medium has homogeneous linear magnetic
properties and using the continuity of tangential electric
and magnetic fields, at z = + L/2, the reflection coefficients

at the interior boundaries are given (3) by

Rl = (YB~YO)/(YF+Y0) (2.73a)
R, = (YF—YO)/(YB+YO). (2.?3b)
where
art  as do
YF=a—é—+d7= PO+E+ Ef (2.74&)
_ar- . avy _ - ¥
¥ = &z dz I10 az T % (2.74b)
Yo = -~if (2.74c¢)
by 8-l
ef 5 [To + dz] (2.744)
by ay-l
Eb = Z[Po dz] . (2.74e)

The condition for lasing is that the net propagation
along a path from z = -L/2 to z = +L/2 to z = -L/2 is loss-

less and in phase, i.e.,

Rle exp(&+n) = 1, (2.75)
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UNIFORM PERTURBED PERIODIC REGION UNIFORM
REGION | REGION
Ug exp(e + rt

A exp(-igz) ¢ exp(~iz)

e T P00 000000

B-exp(iBz) u, exp(¥ - I7) D exp(iBz)
< rrrrrrrrrn tforrerrrreon

Ry
% —
z=-1/2 'z2=0 z=L1/2

Figure 5. Diagram showing reflection and transmission at the boundaries
between uniform and perturbed periodic regions



49

where
£ = 0(L/2) - ®(-L/2) + ¥(-L/2) - ¥(L/2) (2.76a)
+ + - -
n="r(L/2) -T (-L/2) + T (L/2) - T (-L/2) (2.76Db)
or I: _Ii
2 + 2 -
n = J T az + J ez (2.76c)
L L
2 2
ar*
Recalling Equations (2.53) and (2.54) for I Equation

(2.76c) becomes

n o= notn.s | (2.77)
where
n, = 2LPO (2.78)
L
n_ = JZL(eb+ef)dz. (2.79)
2

Recall the approximate solutions for ¢, Y from Equation

(2.35)

o = l+s exp(iZKBz)
(2.35)
Y = 1-s exp(—iZKBz).
Examining first the term exp(f), defined as
0 V(-3
exp () = (2.80-2.81)

L L
6 (-3)¥ ()
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with the aid of Equation (2.35) we have

[1+s exp(iLKB)][l—s exp(iLKB)]

exp(g) = (2.82)
[1+s exp(-iLKB)][l—s exp(-iLKB)]
or
2 .
l-s exp(lZKBL)
exp(&) = 5 . (2.83)
1l-s exp(-iZKBL)
Assuming that s<<1l, Equation (2.83) gives
exp(§) = 1. (2.84)
The reflection coefficient is given by
. . . -1 .
. Fo 12KBs exp ( 12KBz)[l s exp(—12KBz)] +eb+1B
1 . : : T .
ro+12KBs exp(lZKBz)[l+s exp(12KBz)] +eg~iB
z = -2
2

(2.85)
With the aid of Equation (2.19), and neglecting terms of

order G, 8, ¢ relative to Ky and orders s relative to unity,

Rl may be approximated by

Ry = s exp(-12KBz)|Z=“* = s exp(iKyL). (2.86)

2

Note that Eg and € the terms determined by the

perturbation, have virtually nc effect on Ry-
Similarly:
R, = =5 exp(i2K_z = -s exp(iK_L .
2 p(i2kpz) | | p (iK;L) (2.87)

Z='2-

The threshold Equation (2.75) then becomes
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2 .
- +
s” expl[i2K L + 2T L + n ]

]
|

or

i
=

-52 exp(nr)exp[Z(Go+i6e)L]

(2.88)

(2.89)

The absolute magnitude of Equation (2.89) determines the

threshold gain needed for laser action, whereas the phase of

Equation (2.89) determines the longitudinal mode of laser

oscillation.

By using the expression of the coupling constant, s,

given by Equation (2.36), Equation (2.88) becomes
-K2[G +g +i(§ +6)]-2exp[n +2L(G +id8 )] =1
o ‘o e r o} e )

By taking the square root of Equation (2.90) we obtain

K exp(nr/z)exp[(Go+i6e)L]
= ii[Go+go+i(6e+6)]'
Using the fact that
exp(6) = [sinh 6 + cosh 6]
Equation (2.91) can be rearranged to give

n
¢ exp(z5)sinh[G_+i8 JL] = +i(G_+is )

and

n
K exp(EE)cosh[(Go+i6e)L] = +i(g_+ié).

(2.90)

(2.91)

(2.92)

(2.93a)

(2.93b)
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For convenience of discussion, if we define the following

dimensionless parameters of interest:

x = (6L), y= (6§ L), x, = (g.L)
~ Ny
Yq = (L), p = 5 and 1T = (kL) (2.94)

then Equation (2.91) and (2.93) can be expressed respectively:

T exp(p) explx+iyl = +il(x+x )+i(y+y )] (2.95)
T exp(p) sinh(x+iy) = +i(x+iy) (2.96a)
T exp(p) cosh(x+iy) = ii(xo+iyo). (2.96Db)

It should be noted that the perturbation parameter p = nr/2
where n. is as defined by Equation (2.79), represents the
effect of the irregularity in the periodic medium, either

due to the inhomogeneity in thin-film material, or due to

v R

.
- ~ Lot %otk ]
/ il <& perio

the irregularity
N, is a complex quantity in general. As nr+0, p>0 and

Equation (2.96a) and Equation (2.96b) become

T sinh(x+iy) +i(x+iy) (2.97a)

T cosh(x+iy) ii(xo+iyo) (2.97b)

which is the threshold condition for the perfectly periodic
case. This is the form, first given by Kogelnik and Shank

(2), and considered by Wang (3) for the analysis of a DFB
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laser with a perfectly periodic structure.

By separating the real and the imaginary part of

" Equation (297a) we obtain

T cosh x sin y = x (2.98a)

T sinh x cos y = -y (2.98Db)
and similarly from Equation (2.97b), we have

T sinh x sin y = X (2.99af

T cosh x cos y = “Yo - (2.99Db)
By combining Equation (2.98a) and Equation (2.99a),

T eXsin y = (x+xo) (2.100a)
and from Equation (2.98b) and Equation (2.99b)

T e’ cos y = - (y+y,) . (2.100b)

On the other hand, from Equation (2.31) and Equation
(2.32) with the aid of Equation (2.94) we have

2 2 _ 2 2 _ 2
X =y =T +x0 Y, (2.101a)

and

xy = %Y. (2.101b)

Thus we have a system of four equations which relate five

parameters; X, Yy, X Y, and 1. These eguations can be

o
rearranged into the following forms:
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X, = Y tan y (2.102a)
X tanh x = X, (2.102b)
Yo = xy/xO (2.102¢c)
T = e-x/Qx+xo)2 + (y+y0)7 (2.1024)

The variation of the gain parameters x = (GOL), X, =
(goL) and the phase parameters y = (BeL) and Yo = (L) with
the coupling parameter 1= (kL) can be studied with the aid

of Equations (2.102a-2.102d). The plots of x, y, x_. and Yo

o
versus T are shown in Figure 6. It should be pointed out
that the plot of X, Vs. T has previously been plotted by
Kogelnik and Shank (2), and also by Wang (3). We shall use
these plots in the Section III for the investigation of the
effect of the presence of perturbation parameter p. In
the meantime, it is interesting to obser
that as 10 (i.e., Kl+0), X¥X and y»y ., i.e., G +g_ and
6e+6 or KO+§= On the other hand, in the ran
the values of x and x, can be significantly different while
the values of y and Y, can be quite different from each
other.

To facilitate our discussion, we can divide DFB laser

operation into three categories, according to the behavior

of the gain parameter Xi "weakly coupled case" (case B),
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0.00 2.00 4.00 6.00 8.00 10.00
T + KL

Figure 6+ The variation of the gain parameters x, x, and phase parameters
¥,Y¥o with the coupling parameter T for a perfectly periodic
;t:u?;z§e. X = (GoL)’ X, = (goL), y = (GeL), Y, = (8L),
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where 12 << xo2 (ox K2 << goz), "moderately coupled case"
(case B) where T and X, are same order of magnitude, and
"strongly coupled case" (case C) where K2 >> goz.

For case A, X=X and y=y, so that the effective propa-
gation constant T = (GO-iKO) is approximately the same as
Yo = (go-iE)for the corresponding uniform waveguide.
However, for case C, Po can be quite different from Yoo
The asymptotic behavior of the parameters, x, y, x, and Yo
can be investigated using Equations (2.102a-2.102d). As 1+0
(i.e., k»0), in other words, as the coupling strength ap-
proaches zero, x+», from Equation (2.102d4). We observe from
Equation 102b that as x»», tanh x-»1 so that XX and conse-
quently YY, which is apparent from Equation (2.102c). 1In
order to satisfy Equation (2.102a), the value of y must be

in the range, (2n~1)% <y< (2n+1)%, where n is a positive

VA -> 3
r. As X¥X v and Y*¥qr which must apprecact

Y

(2n-1)§. For example, for n=1, (6L)+I, On the other hand,

as x_ = (gOL)+0, from Equation (2.102a) we observe

(6eL) y-+m,while from Equation (2.102b) x2=xo+0 so that

¥, = y//§;, from Equation (2.102c). As x_*0, y»7, y_ >« and
from Equation (2.1024) Y > which is also apparent from
Pigure 6. Thus, for a weakly coupled case in which for
sufficiently small 1 and large xo, we have the following

asymptotic expression, obtained from Equation (2.102d4) and

Equation (2102a) respectively,
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T = 2xoe (2.103)

and

y = 7/2 (case A)

On the other hand, for a strongly coupled case in which T

is sufficiently large and X, is small, we have the

following:

T =27 + yO (2.104)
and

y =T (Case C).
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III. EFFECT OF PERTURBATION OF PERIODIC MEDIUM

ON THE THRESHOLD CONDITION

In this section we shall study the effect of the presence
of a perturbation in the periodic medium (or structure) in a
DFB laser. To estimate this effect, from the perturbed
threshold condition (2.93), we obtain the approximated ex-
pressions for the change in the gain parameter and in the
phase parameter as a linear function of the perturbation
parameter with the aid of truncated complex Maclaurin series
expansion. To see how significant is the effect under
consideration we shall obtain the plots showing the varia-
tion of the gain parameters and the phase parameters with the
coupling parameter for different values of a properly specified
perturbation parameter. The specification of the perturbation
parameter depends on a particular statistical model used,
and for the present study, we shall use the statistics of a
first order stationary Gauss-Markov process.

A. Approximate Expression for the Perturbed
Gain Parameters and Phase Parameters

The perturbed threshold condition, given by Equation
(2.93a) and Equation (2.93b) can be expressed in the following
form, with the aid of Equation (2.94):

-it exp(p) sinh(®) = # (3.1a)
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and

-iT exp(p) cosh(M) = w, (3.1b)
where

W= (x+iy) w = (xo+1yo)
and

P (p1+ip2). (3.1c)
Here the symbol bar is placed on the quantity to emphasize
the fact that the perturbed case is being considered, while
the symbol tilde is placed on the letter to emphasize that a
complex gquantity is being considered.

It should be noted that as 1+0, X*x, y»v, §0+xo and
§6+y0 in which the parameters x, vy, X and Y, are as defined
in Equation (2.94).

The functions W(p) and w(p), being analytic,can be
expressed in terms of a complex Taylor series, or Mat¢laurin
series expansion in the perturbation parameter p and the
point p=0, since our point of reference is the unperturbed
configuration. If the perturbation is small so that only
the lower-order term in the series expansion contribute
significantly, then we have the following approximate ex-

P PR

pressions for the efifective propagation parameter

3P

JRSE ]
\pPJ in

ct
o
E
o

periodic medium and the propagation parameter W(p) in the

corresponding nonperiodic medium;
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®"(pP) = ﬁo + %g] p (3.2a) -
p=0
~ -~ -~ d‘; o
wip) = w_ + ==| 9] (3.2b)
o dp §=0 7 v
where
Wo = (x+1y) and W, = (xo+iyo), 53.20)

in which x, vy, X and Y, are as defined in Equation (2.94)
and satisfy the relations given by Equations (2.102a-2.1024).
The coefficient of the second term of the right-hand

side of Eguation (3.2a) énd Equation (3.2b) can be easily

evaluated to give

- )
dg W o
aw = | = 2 (3.3a)
dp =0 1-w'~ (1 wo)
and
~ o~ 2.~ 2
~ ~ W ~Ww 4%
aw ~ O O o)
] ={Ww+ =< = . (3.3b)
% 5=0 g0 (i)

It should be pointed out that two types of perturbation
may be present; type (A), in which the perturbation is mainly
due to the irregularity in a physical parameter of the material
from which the periodic structure is constructed, and type
(B), in which the perturbation is mainly due to a
geometrical factor, for example, the irregularity in the
spatial periodicity of the structure.

Upon substitution of Equation (3.2¢) into Equation

(3.3b) we have



61

d&l .
=T = A.+1A, (3.43)
where
(l—xo)(xo+T2)—yo2
A, = (3.5a)
1 (1-x )2+y 2
o o
Yo(l+12)
(l—xo) Y,

and similarly, substitution of Equation (3.2¢) into Equation

(3.3a) gives

aw

-_— = B. + 1B ’ (3.6)
where

X-(x_x+y_y)

B. = o 0 (3.7a)
1 (1-x )2+y 2
o} o

- — y_X0y+xyO Ry R Y

52 = = 5 {3.7D)
(l-xo) +yO

Since the perturbation parameter p is complex, in general,
by letting p = (pl+ip2) in Equation (3.2b) then separating
the real and the imaginary parts of Equation (3.2b),

we obtain

X = Xo + (Alpl-Azpz) (3.8)

and

Y, = ¥, + (Ap; + Ap,) . (3.9)
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Similarly, by substituting Equation (3.6) into Equation (3.2a),

we obtain
X =x + (Blpl-szz) (3.10)
y=y+ (BZP1+B1P2)- (3.11)

Recall that the dimensionless parameters x, y, x_and Yo
are for the case of a perfectly periodic medium whose varia-
tion with the coupling parameter was previously shown in
Figure 6. In order to study how x and y vary with the
coupling parameter T, we must specify the value of the
perturbation parameter p.

Using the approximation made in Equation (2.64), the
factors efand €, as defined in Equation (2.74d) and
Equation (2.74e) can be expressed as € =€ = %%iL so
that from Equation (2.79) and Equation (2.94) we can write

the perturbation parameter p as follows:

L
B = oa (2 (ay)az, (3.12)
B’ L
2
2 2
where Ay = (y"=v_.7), (3.13a)

in which Yo = (go-lk), with k = (KB-ﬁ) and y = (yo+yr),
with Y, = (qr—ikr). The subscript r is used to emphasize the
fact that the quantity under consideration is that due to

the contribution from the random perturbation process.
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Under the usual assumption that &, g_ << K, k = Kpe
(Ay) can be expressed as

2 2 .
Ay = [gr —kr -ZKBkr] - 21(KBgr+grkr). (3.13b)

For an illustration, we shall consider the case where

9r << k.. This is equivalent to assuming that the random
perturbation process contributes mainly to the phase constant
of the propagation constant y. For this case Equation

(3.13) is further simplified as

2
Ay = -(ZKBkr+kr ). (3.14)

Upon substituting Equation (3.14) into Equation (3.12) we

obtain
p, = 0 (3.15a)
and
Py T "0, {3.15Db)
where
L
Ll [2 2
P = 2KB J L(2KBkr+kr Ydz (3.16)
"2

Consequently, Equation (3.8) through Equation (3.11l) become

X =X +A

o) 0 2pr (3.17)
YO = Yo - Alpr (3.18)
X =%x+B

2Py (3.19)
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Y = y-Bjo_ . (3.20)

Here the factors Al' A2, Bl and B2 are the function of x, vy,
X, and Yoe The perturbation parameter Py depends on the
random variable kr. There is a question of whether we should
take the mean value of p, or the rms value of P For the
illustration, we shall take the mean value and denote it
with pozﬁr. In order to calculate the mean value of the
random variable Py which depends on the random variable kr’
we must specify the model of statistical process.

As is well-known that from the theory of statistics,

a random variable 7 whose autocorrelation function is a

decreasing exponential:

R (E) = 526815 (3.21)

is frequently a useful representation of random system
disturbances. This autocorrelation function is representa-
tive of a first-order Gauss-Markov process (74). T

statistics of this process are completely described by the
autocorrelation function, given by Equation (3.21) in which
the mean value is taken as zero. The expectation (or mean

value) of the random variable ¢ is'defined as

o«

E{z} = j tG(r)dz, (3.22)

3

where the normal probability density function G(z) has the
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form of a Guassian distribution.

The variance of ¢ is defined as

2
o

J (c-E)ze(c)dc (3.23)

or

2
o

n

E{CZ} - [E{g}]2 (3.24)

Suppose that kr under consideration is a random
variable in the stationary Gauss-Markov process. If we

define a dimensionless random variable ¢ as

¢ = (k/Kp) (3.25)

then Equation (3.16) becomes
L

J7 (2c+22) dz (3.26)
L

_ 5
pr 2

and the mean value r, and the mean square value tz can be
calculated according to Equation (3.22). Since =0 is
assumed, and from Equation (3.24) Zﬁ = 02, where 0 is the
standard deviation of the random variable £, the mean value

of p, can be easily calculated from Equation (3.26) to give

=T = ix 162
Py = 0y = KL, (3.27)

Taking the statistical average of Equation (3.17) through
Equation (3.20) we obtain a set of equations involving Eo’
§o’ X, }7and5r. Upon specifying the value of p , the plots

of §6, §6, X, and v vs. T, were calculated and the results
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are shown in Figure 7 through Figure 10.

For the weakly coupled case where 12 << 1 and

T2 << x02 (or Kz << gz), from Figure 6, we observe that

y02 << on’ 1 << x s Equations 3.5 and 3.7 are reduced

: Yo Yo
to give Alzl, A2 = Blz—l and B,*—~, so that

(8] 2 XO
_ Y,
X = xO + — po (3.28a)
O
Yo = Yy + 0 (3.28b)
_ Yo
X = x+_p (33293.)
X (o]
O
y=y+ Pg - (3.29b)

'n' — —
Here we observe that as 1-+0, xo+w, Yo+7' xo+xo+x+x, and

§§+§, which is consistent with the behavior shown in Figures

7 threcugh 10.

On the other hand, for the strongly coupled case where

”n

-~ o] g ] e ]
1>>1, and T‘>>xo‘ (or k“>>g“), once again from Figure 6 we

2

2 < e _ T _
observe that y0>T, xO <<yO , xo<<L, so that Al = ;_7 1,
A2 =, Bl =-L=-21 and B2 =L =1, 1n thgs case,
Yq Yo Yq Yo Yq
we have
T2
- = == . - {2 2N
X = X T o P \ Qe IV
o o] Yo ©
T2
y. = - — 3.30b
Yo YO + (1 2)00 ( 0b)
Yo
X = L 3.3la
X =x + v P ( )
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Figure 7. The variation of the gain parameter ’—‘o with the coupling param-
eter T for different values of the perturbation parameter Py



68

14.00

12.00—

10.00

SL

8.00

6.00

. 4.00

2.00— *°

0.00 | | | l
0.00 2.00 4.00 6.00  8.00 10.00
T = kL

Figure 8. The variation of the phase parameter 5;0 with the coupling
parameter T for different values of the perturbation parameter
[J
0



69

3.50

3.00

2.50

2.00

GL

i
X

1.50

1.00

0.50

<
[amb }
<)

0.00 2.00 4.00 6.00 8.00 10.00

Figure 9. The variation of the perturbed effective gain parameter X

with the coupling parameter T for different values of the
perturbation parameter po
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y=y +2i2-p .
Y=Yty (3.31b)

We note that as T+, y»m, y_ >+, §o+(xo+Tpo),

Y *Yor §4x0,and y+y, which is also shown in Figures 7

through 10.
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IV. DISCUSSION OF RESULTS

The variation of the perturbed gain parameter Eo = (gL)
‘with the coupling parameter T = (kL) is illustrated in Figure
7 for different values of the perturbation parameter Po
It is observed that in the absence of the perturbation
(po=0), §6=xo=(g0L) decreases with T monotonically, which
suggests that the threshold gain, (i.e., the gain required
for lasing) decreases as the coupling becomes stronger, which
is to be expected. For a given value of T, ig increases with
o monotonically, which suggests that the required threshold
gain increases as the degree of perturbation increases, which
is also to be expected. The rate of increase of §6 with Po
is small in the range of small 1, but it is large in the range

of large 1. Furthermore, it is interesting to note that,

for example, for the plot with o = 0.4, §5 has its minimum

vaiue of 1.5 at 7 = 2.5, wnile for the case p =0, x_decreases
monotonically. For the case oo = 0.6; §o has its minimum
value cf 1.75 at 1t=2.0. Thus as s increases the position of
the valley in the plot shifts toa lower T and a higher §6.

The above observation tends to suggest that for a given value
of Por the required threshold gain would be minimum at a
value of 1 which is not necessarily large, in contrast

to the case in which the perturbation is absent. We also

observe that §6>xo, i.e., the perturbation gain parameter is
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greater than its unperturbed counterpart. 2s 120, §6+Xo+w’
regardless of the value of Por which suggests that the
effect of the perturbation is insignificant when the coupling
is so small that the required threshold gain has to be very
large. On the other hand, in the range of large T, the
small perturbation can have greater effect on the required
threshold gain.

The variation of the perturbed phase parameter §6 = (6L)
with coupling parameter T is illustrated in Figure 8.
It is observed that in the absence of perturbation, (po=0),
§O=yo=(6dL) increases with T monotonically, which suggests
that the amount of detuning of the phase constant away from
the Bragg wave number KB, increases with the strength of
coupling. For a given value of T, §5 inéreases monotonically
with 6 which suggests that the amount of detuning tends to
increase with the dearee of urbation The effect cf the
presence of the perturbation is larger in the region of
small 1t than that in the region of large 1. We observe that
§§>Yo' that is to say the perturbed phase parameter is greater
than its unperturbed counterpart. As T-, §O+yo, thus sug-
gests that the effect of perturbation becomes insignificant
as the degree of coupling is increased. However, the effect
of perturbation can be significant if the coupling is very

weak (see the behavior of ?; as t+0 in Figure 8).

The variation of perturbed effective gain parameter
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x = (GL) with the coupling parameter t is illustrated in

Figure 9. It is observed that in the absence of perturbation

»®1

= X = (GOL) decreases with 1 monotonically, and X>X s as
seen in Figure 6. The behaviors of x and X in the

absence of perturbation are quite similar. The required
threshold effective gain decreases with the degree of
coupling, as is expected. In the presence of per-

turbation, since'x > x, the perturbed effective gain

parameter is always greater than its unperturbed counter-

part. We also observe that as 1-0, x+x and as T+® simi-
larly x»x, whereas for the value of T in the range

2<1<10, X increases significantly with P This suggests
that unless either the extremely weakly coupled case or

the extremely strongly coupled case are being considered, the
effect of the perturbation in general, may not be negligible.
In order to elaborate this aspect, a plot of the relative
change in the gain parameter, (%§L versus the coupling
parameter 1, for different valuesofpO is shown in

Figure 11, with the aid of Equation (3.19).

It is of interest to observe that the plots have peaks
in the vicinity of 1=3.0. For example, at 1=3.0 an incCrease
in the effective gain parameter is about 12.5% for po=0.4
and 25% for p0=0.8. Thus the effect of the perturbation

can be significant.

The variation of the perturbed effective phase parameter
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y = (SeL) with the coupling parameter 1 is illustrated in
Figure 10. It is observed that when p,=0 y=y = (8 L)
increases monotonically with 1. 1In the range of small T,

y increases much more rapidly than in the range of large T,
and y tends to saturate as T increases, then approach .
.In the presence of the perturbation, y>y and y increases with
o+ For large values of p_, the plot of y vs. T possesses a peak,
for example, at 1=2.2 for po=0.8. To see the relative

change in y due to the presence of perturbation, we plot
(%%) vs. T for different values of pé as shown in

Figure 12. Since (%%) decreases monotonically with 1, the
effect of perturbation on the change in y is small in the
range of large 1, whereas it can be significant when 1

is small. This means that when the coupling is weak, the
shift in the effective phase parameter can be significant.
However, it is not very significant when the coupling is
extremely strong. For example, at 1 = 2.0, (%}) takes

the values of 0.06 and 0.24 at Py = 0.2 and Po = 0.8

respectively.

It should be pointed out that the values<3foo used in

1e illustrations of Figures 7 through 12 are reasonable.
. 1 2
This can be seen as follows: Recall Po = (EKBIO ), Where

Ky = (g\, with "a" being the spatial periodicity and L
denotes the length of the periodic structure. Typical

interaction lengths L are between 100 um to 1 cm. Recently
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the distributed feedback operation of an AlGaAs laser has
been demonstrated (75) in an electrically-pumped single-

heterojunction GaAs laser at low temperature (77°K). In

this device corrugations used were etched 1300& deep and

had a period of 3500&. A grating of 0.36 um periodicity
produced by holographic means on an x-ray mask like that

used by Bernacht and Smith (76). By taking "a" to be

0.3 um, (KBL) takes the values in the range 103§(KBL)5105

4 2

when 10 5L510' m. Consequently, for po=0.6, the

o]
standard deviation o = (2 Rgi)l/z will take the values in
B
256>3.5x10 >,

the range, 3.5%10°

It should be also be pointed out that in the present
analysis only the lower order terms in the Maclaurin series
expansion are considered by assuming the perturbation is
sufficiently small. To study the case of larger perturbation,
............. her corder t
series. However, for such a case, the analysis would re-
quire the calculation of higher order statistical moments of
a random variable which complicates the analysis.

In the present investigation, for the sake of simplicity,
we assumed the perturbation parameter p is a purely imaginary

guantity, i.e., Py = 0, and Py = =P.s by assuming that

kr>>gr in Equation (3.13b). This is equivalent to assuming
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that the random perturbation process mainly affects the phase
aspect of the propagation constant y. However, it should be
of interest to investigate the effect of 9, when it is not
negligible in comparison with kr‘ This is left for a

future investigation.

In dealing with the perturbation parameter P, We have a
choice of whether to use the mean value or the rms value of
the random variable Py For the sake of simplicity, the mean
value was used, and the set of equations governing the mean
perturbed gain parameters §o’ x and the mean perturbed phase
parameter §o’ y are derived as a function of the mean value
of Py (i.e., §r=po). If the rms value were to be taken then
the rms value of the parameters x, Xor Yo and Yo must be
considered in Equation (3.17) through Equation (3.20). 1In
this case the analysis becomes considerably more complicated

.
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V. CONCLUDING REMARKS

In the present study the solution of a linear one-
dimensional wave equation governing the electromagnetic fields
of an optical wave in a periodic structure of the distributed
feedback semiconductor laser is considered with the aid of
the truncated Floquet-Bloch approach. The effect of a per-
turbation in the periodic structure such as an irregularity
in the spatial periodicity or in the depth of corrugation
of the periodic structure has been investigated.

First, the threshold condition for a perfectly periodic
structure was derived by using the condition of the continuity
of tangential components of electric and magnetic field
intensities of the wave at the ends of the periodic interaction
region. This unperturbed threshold‘condition is expressed in
terms of a set of conveniently defined gain parameters;

X,=(gOL), x=

o and phase parameters; y ={(d6L), y={§ L) and

o™ o e

the coupling parameter 1= (kL) as shown in Equatioﬁs (2.102a-
2.102d). Here we recall L denotes the length of the periodic
structure, GO denotes the effective gain constant of the
periodic structure, and 6e==(KB—KO) is the amount of detuning of
the phase constant KO away from the Bragg wave number KB. 95
denotes the gain constant in the absence of the periodic

structure and 6=(KB—E) is the counterpart of §_ when the

coupling is absent, i.e. the coupling coefficient k=0.
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A small perturbation in the periodic structure is then
introduced into the system. The effect of this perturbation
on the threshold condition is examined with the aid of a
truncated Maclaurin series and a first-order stationary
Gauss-Markov process. The perturbation parameter Br=po is
introduced in the threshold condition. Using the derived
perturbed threshold condition the changes in the gain
parameters and in the phase parameters were investigated.
The mean gain parameters X, §b and the mean phase parameters
vy, and §5 are introduced into the discussion. The approxi-
mate expressions for X, §6, y, and §6 as a function of 7
and Py are obtained and calculated to investigate the
significance of the effect of the perturbation.

The significant findings from the present study are
described as follows:

1. The effective threshold gain constant required for
lasing in the perturbed periodic structure, G,
increases with the perturbation parameter Br“

2. The effective detuning of the phase constant away

from the Bragg wave number, ge’ increases with Er.
3. The effect of perturbation on the effective gain
constant is small when the device is operated in
the regions of either very weak coupling or very
strong coupling. However, for the intermediate

value of 1, the effect of the perturbation onG may be



82

quite significant. The plot of (AG/G) vs. 1, which
shows the variation of the relative change in the
effective gain constant with the coupling parameter,
has a peak value of 0.125 at (kL) = 1 = 3.0 when
o, = 0.4, and (AG/G) also increases with Er'
4. The effect of the perturbation on the effective phase
constant Ge ié small when the device is operated
in the region of strong coupling but is quite
large when it is operated at the region of very weak -
coupling. (AGe/Ge) decreases monotonically with 1
but increases with Br' For example, when Er=0.4,
(Aﬁe/ée)takes the values of 0.09 and 0.05 at (kL) =
3.9 and (kL) = 7.0 respectively.

The result of the present study suggests that when the
device is operated in the region of moderate coupling
strength, say 0.1<1<10 the effect of the perturbation on the ef-
fective gain and phase constant, G and Ge of the periodic
structure can be significant. In optimally designing a
distributed feedback (DFB) laser it is important to determine the
coupling coefficient and propagation constant. The coupling

~ FEI
Il

.
~a T Aand
e LN -

i3

(0]

of the structure, L, required to initiate laser operatdion
(1, 77). A device operating at an overly large value of («L)

may also be suboptimal (77) so that it is undesirable. Since
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a typical device is operated in the range of moderate values
of («kL),the effect of the perturbation under consideration
cannot be neglected when it exists in the system.

Finally, it should be pointed out that the method of
analyzing the perturbation effect in the periodic structure
developed in the present study may also be applied to other
types of semiconductor devices such as Bragg reflector
(DBR) laser (78, 79) which employs the same type of periodic

structure.

A. Ssuggestion for Further
Studies

It will be desirable to extend the analysis to cover
the case where the perturbation parameter p = (pl+ip2) is
complex and the contribution of both 9. and kr have to be
taken into account.

Although the theoretical results reported in the
present study are interesting, some sort of experimental
verification indeed is desirable. For example, the assump-
tion about the nature of the aperiodic perturbation, while
reasonable, are unsubstantiated. One method of investigation
would be to subject various distributed feedback structures
to an external coherent sources and examine the scattering
pattern. Since the scattering pattern represents the Fourier

transform of the structure, some insight into the nature of
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the perturbation might be gained. Another alternative would
be to fabricate distributed feedback structures with inten-
tionally induced imperfections and examine their gain and
frequency characteristics. Unfortunately, other effects
such as surface imperfection and deep traps may swamp

changes induced by aperiodicity.
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VIII. APPENDIX

The introduction of perturbation into

the system pro-

duced a change in the propagation parameter as shown in

Equation (3,2a) for W(p) and Equation (3.2b) for w(p):
=% +A4AF (A.la)
o
W = Wo + AW (A.1lb)
where
AT = GWpp and W_ = (x+iy) (A.2a)
dp 3=¢ o
s = Tp and W, = (x,*+iy,) - (A.2b)
dp §=O

The perturbation parameter p is complex in

is taken as a random variable, By writing

aw .

5 = B,+1iB

dp p=0 1 2
and

dw .

aﬁlp:@ = A +iA, .

we have from Equation (A.4)

general and

(h.4)

(A.5)

(A.6a)



94

and

Ay = (B,py+B1p,). . (A.6b)
From Equation (A.5)

Axo = (Alpl—Azpz) (A.7a)
and

AYO = (A2pl + Alpz). (A.7b)

Here the coefficients, Ay, Ay, Bl and B, are the
values evaluated for the case of absence of perturbation
and are independent of P and p,. On the other hand, p; and
p, are random variables., Consequently the quantities
Ax, Ay, Axo, and Ayo are also random variables,

Since x, = (gL), and Yo = (L), for example, the
changes in the gain constant Ag and in the phase constant A$
can be investigated. However, a question arises as to

whether the mean value, (E{Agl}=Ag) or the rms value

(2{c2}=(Aq) 2} shoul
(Eig®i={(Ag}“) shoul

2

be used. Here E{ } denotes the expec-
tation operator, and the averaging process depends upon the
model of the probability density function assumed.

For example, by applying the expectation operator on

Equation (A.7) and recalling E{plpz} = 0, we have

i
>
el

|

E{dx,} o = A1§1 - Azﬁz (A.8a)

E{Ayo} = A,p; + AP, (A.8Db)

i
>4
v
o]
|
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2y = 2 _a 272 2 2
E{(Axo) } (Axo) =B P;” + A, “p, (A.9a)
- 7 _ a2 2 22
The variance may be computed as
ox ° = E{(dxy)2)-[E{ax 112
o
= (Ax0)2 - (AXOF
a2 2,,2 2
= Ay %, +A, 9, +2R A E{p; }E{p,}. (A,10a)
Similarly:
2 _ a2 2., 2 2
Qyo = Ay cpl +A, @pz 2AA2E{pl}E{p2} (A.10b)

In the present study P; is taken as zero, The
parameter Nyr given by Equation (2,79), was expressed in

- terms of the perturbation parameter Py, = -p, as in Equation

(4)}

) 0 h?}r\': ~h };

(2 .1 3 i
(3,16}, in which is treated as

a ahle go that
r

the perturbation parameter p, or n. is also a random
variable,

We are now faced with the task of statistically
describing a function of the form

L

n = [ e(z)dz, (A.11)
0
where €(z) = Ak(z) + Bk?(z) . (A.12)

and k(z) is zero mean, first order Gauss-Markov process
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defined by its auto-correlation function

Rk(i) = E{k(z)k(2+E)}. (A.13)

Recall now (80, 81)

R (8) = JOJORX(xz—xl—g)h(xl)h(xz)dxldxz (A.14)
y(z) =J x(z=-A)h(A)dx (A.15)
0

Clearly, for the function described in Equation (A,11)

h(A) = u())=-u(A-L) (A.16)
0 A<0

u(d) = { (A,17)
1 A>0 .

Use of Equation (A.4) requires the autocorrelation

function for e:

2 2
R. =A B 2ABR A,18
€ Ry + sz + 2 ( )
R = E{k(2)k?(z+§)} = 0
kk2
= Elk(z+£)k%(2)} = 0
We now require
_ 2 2
R Z(E) = E{k“(2)k“(2+£) }. (A,19)

k
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Recall for two jointly normal, zero mean random variables

E{x2y2} = E{x2}E{y?}+2E2{xy} . (A.20)

Then

R (E) = E{k® (z) }E{k? (2+£) }+2E2 (k (2)k (2+E) } (A.21)
k .

Recall k is stationary; hence

E{k2(z)} = E{k%(z+E)} = R (0). (A.22)
Also note
E{k(2)k(2+£)} = Ry (€), (3.23)
Hence
R (E) = R 2(0) + 2Rk2(g) (A.24)
k k
and
Rg(&) = Rl(E) + RZ(E) + R3(£) (A,25)
where
— w2p 2
R, = BZR, %(0)
R, = A2Rk(g)
R, = 2B2R,_2(f).
9 K

We may now evaluate Rn(E) using Equations (A.14) and (A.15),

for representative Rk(E).
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Let
Bso

R (E) = -2 exp(-B|E]) (A.26)
where

8<<KB
Then

R () = B2 Bso)2

R (2) = AZ(E;E)exp[—Blall (2.27)

R3(E) = 2B2(_;9)2exp[-26|€|].

Note that Equation (A.14) is linear in R so that Rn(E)
may be computed term by term. Examining these in order of
complexity, we first consider the contributicn of the

constant term.

© oo Bs
_ 2 0, 2
Rln(a)-[o [OB (=22 [uh)) -a(Ay=L) 1 fu(h,)
~u(hp-L) 1dAdh, (A.28)
Bs fL L
2 0,2
- 52(22) J ax, d (3.29)
2 JO 0 1 2
Bs
= B2 (=2 21? (A.30)

The next contribution is from Rk(g).
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©o

[ e
R I

J Az(—z—)exp(-Blkz-Al-€|)[u(Al)
0

- (A1) 1 [u (1) -u(hy-L) Jah, dh, (a.31)

First integrating with respect to Ayi note that

exp(—B!Az—Al-g) has discontinuous derivatives at the origin

and must be split.

exp[-B{Xy,-1;1-E)] for A,>hp+E
exp[-B |1, -2y €l = { (A.32)
exp[B(Ay~1;-E)] for Azikl+€

Since the autocorrelation function is even, we assume

positive & and invoke symmetry to complete R(E).

Therefore:

o0

J exp(—B‘xz_Alngl)[u(kz)-U(Az—L)]dkz (A.33)
0

(x +L
= | 1 explB(a,-2;-&)1lu()
J

[N

0 2 L 2

=]

exp[-B (A €)1 [u(dy)-u(r,-L)dA,

kl+L

Each of these integrals must again be split.
Aq+E
rh1
| 7 explB Gy -8 T luhy) ~u(hy-L) 1dh,
0

{A1+
Yo exp[B(kz—xl-E)]dlz, Al+g<L
)L
[ expl8(a,=2,-E)1dM,, A +ESL (A.34)

/o
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o0

exp[-B(A,=A;-E)] [u(r,)-u(A,-L)1dA
Jxl+€ 2 71 2 2 2
|,I..
expl-B(A,=A;=E)1dX_, X, +E<L
j>‘l+€ 2 71 2 1
= (A.35)
0 Al+£zL

Completing the solution of these intermediate integrals
gives:

[os]

JORk(xz—xl—a)[u<x2>-u(x2-L>1dx2'=

1
fE{z—exp[—s(>\1+L)]~eXP[-B(L-Al-E)]}, A HE<L

i (8.36)
%{eXP[B(L-Al-E)]—exP[-B(Xl+E)]}. A FEXD
Hence,
ags_ ,1-f
Ry, (8) = —5 {JO I [u(dy)-u(d, -L)1dx
+ J Iz[u(kl)-u(kl—L)]dkl (A,37)
L-¢
where
I = ${2-exp (-8 (A +1) 1-exp (-8 (L-31 =€) 1) (a.38a)

1
I, = glexp[B(L-A -E)]-exp[-B (A +E) 1], (A.38b)
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Evaluating the integrals gives:

L-¢
Io I; [u(h))-u(d,-L)ax,

= 2(1-6) + Ty{exp(-BL)-exp(-BE) +exp[-B (E-L)1-1}
B

(A.39)
[ I tu()-u(h, -L)1dr
jp-g 2 1 1 1
= L {1-exp(-8E)+exp[-B (L+£) ] ~exp (-BL) } (3.40)
B
Hence,
= A%s ((L-£)+L{exp[-B (L- -
R, (8) = A%s ((L €)+28{exp[ B (L-£) ] +exp[-B (L+E)
- 2 expl[-BEl1}).
for L>£>0 (A.41a)

and by symmetry
5 1
Ryn(8) = A"s [(L+E)+5g{exp [-B(L+E) ] +exp [-B (L-E) ]

-2 exp[Bg]}], for -L<g<O0. (A.41b)

Similar analysis for Ry gives
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2 2
B'S

Ryn(£) = B50-[8(L-0)+ {exp[-28(L-g) ] +exp[-26 (L+E)]

-2 exp[-2BE1}], L>E>0

2. 2
= o)

-2 exp[2BE1}], -L<g<O0.

(B (L+E) +3{exp[-2B (L+E) +exp[-28 (L-E) ]

(An

42)

We are primarily interested in the first and second

moments of n. Recall:

E{DZ} =

|
v}

(0)

E2{p} Rp (=)
E{(p-0)2} = R, (0)-Rp (=)

Hence
8BS,

E2{n} = Bz(—z—)sz = B2g2{x2}12

B{ (n-T) 2} = A%, [L+ F{exp(-BL)-1}

+ B2 > (L+ %E{exp(—28L)—l}L

and

2

E{(n-m 2} < L(A%s_+B%s,2p/2].

We therefore simplify Equation A,.45 to

(A.

(A.

(A.

(A.

43)

44)

45)

19
(=)
N

47)
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E{(n-1)°} = Lia%s + 28%s g} (a.48)

provided that (8L) >> 1.

We may now compare terms, From Equation (3.16), Equation

(A.11), and Eguation (A.12), we have

)

= 2K (A.49)
B

Now observe

2A25o 2.2, 2 ek ) 2 1. (A.50)
e, = —— ) = 4K Elk “} = 4/0° >> 1. J
P 4k (Bso B /Blky /

o

Thus

g{ (n-n) 2} = A-’-Lso. (A.51)
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